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Abstract 

Given a Finsler manifold (M, i^), one can define natural averaged Rieman- 
nian manifolds living on M by averaging on the indicatrix 1^ the fundamental 
tensor g. In this paper we determine the Levi-Civita connection for such aver- 
aged Riemannian manifolds. We apply the result to the case when (M, F) is a 
Landsberg space. Given a particular averaging procedure, the invariance of the 
averaged metric under certain homotopy in the space of Finsler manifolds over 
M is shown. Using such result we prove that any Landsberg space which is of 
class is a Berwald space. 



1 Introduction 

A Finsler space is a smooth manifold M and a smooth family of Minkowski norms, 
such that each tangent space Ta;M is endowed with one of the norms of the family. 
There are several relevant types of Finsler spaces. For instance, if the Minkowski 
norms are flat in some specific way [7], the Finsler manifold is a Minkowski space. 
In the case that each of the Minkowski norms at each Ta;M is a scalar product, 
then (M, F) is a Riemannian manifold. If the punctured tangent spaces endowed 
with the Riemannian structure associated to the Finsler metric are isometric, it 
is called a Landsberg space; if such isometrics are linear, it is a Berwald space. 
Regular Minkowski, Riemann, Berwald, and Landsberg spaces are among the Finsler 
manifolds that have been thoroughly investigated in the literatur^ [7|. 

Among the above special Finsler spaces, regular Landsberg spaces are the most 
elusive. They were first introduced by G. Landsberg [161 [T7t [T5] (in a non-Finsler 
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Typical examples of Berwald spaces are in the category of Randers spaces [7]. 
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framework) around 1907 and despite the intense effort in the last decades in the 
search for regular Landsberg spaces that are not Berwaldian, there is not known 
example of those unicorns. Indeed, a number of negative results on their existence 
came out from such investigations (see [H O [TOl for a review of the state of the 
art until 2007). The problem considered in this paper is on the existence or not of 
regular Landsberg spaces. 

Regularity of the Finsler metric is relevant for the problem, since the lack of enough 
regularity opens the possibility to examples of Finsler spaces with specified curvature 
properties. An example of this is the weakly Berwald-Rund surface described in [71 
[23| . The lack of regularity of such 2-dimensional (weakly) Finsler spaces circumvents 
Szabo rigidity theorem on Berwald surfaces, that states that any regular Berwald 
surface is either Minkowski (in the sense that it endows a Minkowski norm) or 
Riemannian. With such precedent it is not a surprise that the regularity hypothesis 
is fundamental to the existence of Landsberg spaces that are not Berwald spaces. 
Indeed, there are examples of Landsberg spaces which are not regular in the whole 
slit tangent bundle N = TM \ {0} [H El l^. The positiveness condition is also 
important, since it is also known the existence of non-Berwaldian Landsberg surfaces 
without the restriction of being regular and positive definite in the whole slit tangent 
bundle [30j. 

However, regularity and positiveness hypotheses are used in the generalization 
of Riemannian results to the Finsler category [7J. The paradigm is the Chern- 
Gauss-Bonnet theorem, which admits a generalization in the category of regular 
Landsberg spaces in dimension two [71 [11] and dimension four [6], using particular 
generalizations of the transgression method [8]. There are general results on higher 
dimensions and for general Finsler structures [251 [2B]. However, it is under some 
further assumptions, like (M, F) being Landsberg, that one obtains closer formulas 
to the standard Chern-Gauss-Bonnet formula in Finsler geometry [8]. From this 
perspective, the problem of the existence and examples of regular Landsberg spaces 
is relevant. 

A natural procedure to investigate general Finsler spaces is through the investi- 
gation of averaged geometric quantities and its relation with the original Finslerian 
quantities. Averaged Finslerian quantities appear as soon as in |llj when consid- 
ering the Chern-Gauss-Bonnet theorem for Landsberg surfaces. Also relevant, an 
averaged Riemannian metric was used by Z. Szabo in the classification of Berwald 
spaces ^27j. That construction works for Berwald spaces and it is difficult to see 
how it can be generalized to other kind of Finsler spaces. More recently, a general 
theory of averaging Finsler structures was formulated in [13[ I15|. In that pre-print, 
the metric, the connection, parallel transport, torsion and curvatures are averaged, 
obtaining new geometric objects living on M. The averaged of Finslerian geometric 
structures has been found useful in the analysis of Berwald spaces [15] , formulation 
of deterministic quantum models [H] or in the investigation of geodesic equivalence 
[El [211 [22j , to put some very different kind of applications. 

Indeed, an isotropic averaging procedure was used in an attempt to solve the 
Berwald-Landsberg problem [28j. However, it was soon recognized that the key 
argument contained a fundamental gap |20t I29| : that the isotropically averaged 
metric does not contain enough information to link it with the Chern connection 
of the original Finsler structures. This link only happens under more restricted 
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conditions that just being Landsberg [29] . 

We have found that in the investigation of the Berwald-Landsberg problem it is 
fundamental to consider an homotopy invariant property of the averaged metric. 
This avoids the problem of Szabo's paper [28], since in our approach one only deals 
with geometric quantities constructed from the averaged metric. After fixing the 
averaging procedure, one is able to prove that a family of interpolating Finsler 
metrics (M.,Ft) has the same averaged Riemannian metric h. Therefore, the Levi- 
Civita connection is invariant under an homotopy of Finsler metrics from g to h. 
Such invariance is fundamental to prove the following result, 



Theorem 1.1 Let (M, F) be a Landsberg structure with F of class on N = 
TM \ {0} and dim{M) > 2. Then (M,F) is a Berwald space. 

This gives a negative answer to the problem, at least for spaces with such regularity. 

2 The Berwald-Landsberg problem 

Basic notions of Finsler geometry. We follow the notation from [7]. Let (a:;,U) 
be a local coordinate system on the smooth n-dimensional manifold M, with U C M 
being an open set of M. In this coordinate system the point x € U has local 
coordinates (x^, x"). TM is the tangent bundle of the manifold M. We use 
Einstein's convention for up and down repeated indices if the contrary is not stated. 
Each local coordinate system (x, U) on the manifold M induces a local natural 
coordinate system (x, y, TU) on TM such that a tangent vector y = € T^jM C 

TM with X € U has coordinates (x^, x", y^, y"). Once a local coordinate 
system is fixed, we can identify the point x with its coordinates (x^, ...,x") and the 
tangent vector y G T^M at x with its components y = {y^,...,y"') respect to the 
basis {gfr, The slit tangent bundle is vr : N — ^ M, with N = TM \ {0}. 
We will use the following notion of Finsler manifold in our considerations. 

Definition 2.1 A Finsler manifold (WL,F) of class is a smooth manifold M 
together with a non-negative, real function F : TM — )• [0, oo[ such that 

1. F is of class on the slit tangent bundle N = TM \ {0}. 

2. Positive homogeneity holds: F{x,Xy) = XF{x,y) for every A > 0. 

3. Strong convexity holds: the Hessian matrix 



l d^F\x,y) 

9vi-^y)--=-^ Qy.Qy, (2-1) 



is positive definite on N. 



Since we will deal with curvatures, we will consider metrics of type at least of type 
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Definition 2.2 Let (M.,F) be a Finsler manifold of class C^. The components of 
the Cartan tensor are defined as 

^ijfc-=f§^' h3.k = l,...,n. (2.2) 

The formal second kind Christoffel-type symbols Y jk{x,y) CLf^ defined by the expres- 
sion 

The non-linear connection coefficients are 

= f jk^ - A' jk-f'' rsyy, F^O, i,j,k,r,s = l,...,n, 
where A' jk = Aijk- 

Let us consider the local coordinate system (x, y, U) on the tangent bundle TM. An 
adapted frame is determined by the smooth tangent basis for T„N, € N defined 
by the locally defined vector fields [7] 

6 6 d d \ _5_ _ _d_. _d_, . ._ 

ox^ ox^ oy^ oy^ J ox^ ox^ ay* 

(2.3) 

{^,..., generates locally the horizontal distribution; {-£jt , generates 
locally the vertical distribution. 

The pull-back bundle 7r*TM is the maximal subsect of the cartesian product 
N X TM such that the diagram 

7r*TM TM 

TTl 

N ^^M 

is commutative. The projections on the first and second factors are 

TTl : 7r*TM — > N, {u, ^ u, vra : 7r*TM — > TM, {u, ^) ^ ^. 

A local frame for the sections of 7r*TM is {t^*-^, •••''^*9f"}- ^^^^ frame 

on M {ei, e„}, the corresponding frame for sections of 7r*TM is {7r*ei, 7r*e„}. 

A similar construction can be done for the pull-back bundle 7r*T*M. In this case a 
local frame for 7r*T*M is given by the collection of fiber basis {TT*\^dx^, i = 1, ...,n}. 
The dual to the frame (12.31) is the co-frame 



dx\...,drc",^,...,^, 6y':= dy' +N'j{x,y)dx^}. (2.4) 
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There is a tangent structure [32] . which is an homomorphism J G r(^'i)(TN, 7r*TM) 
given in local coordinates by 



d 

J : TN ^ 7r*TM, 

ax* 



A * 9 
^ Ctt* — 
£, ax* 



(2.5) 



Definition 2.3 The fundamental tensor and the Cartan tensor are defined in local 
coordinate by the following expressions: 

1. The fundamental tensor is 

1 d'^ F^fx 

9{^^y)--=-^ 9y4/ (2-6) 

2. The Cartan tensor is 

A(x,y) := — ^^7r*(ix* TT*dx^ ® 7r*dx'' = ^i,fc7r*(ix* ® 7:*dx^ 7r*dx^. 
2 ay'^ 



(2.7) 



Both g and A are natural geometric objects. They are tensors along the projection 
vr : N — > M. However, it is usual to call them tensors in the Finslerian community 
and we adopt it. 

The Chern connection is defined through the following [7] 

Theorem 2.4 Let (M.,F) be a Finsler manifold. The vector bundle tti : 7r*TM — ?> 
N admits a unique linear connection V whose connection 1-forms {ujj ^ i,j = 1, n} 
are defined by the relations 

V(7r*e,-) :=(a;/)7r*e„ i,j = l,...,n (2.8) 

and are such that the following structure equations hold: 

1. Torsion free condition or symmetric condition, 

dx^Awj^ = 0, i,j = l,...,n. (2.9) 

2. Almost g- compatibility condition, 

dgij - gkjWi^ - gikWj'' = 2Aijk — , i,j,k = l,...,n. (2.10) 

The connection coefficients of the Chern connection in natural coordinates are de- 
noted by jk{x,y). It is notable that if (M, F) corresponds to a Riemannian 
manifold, the Chern connection coincides with the Levi-Civita connection of the 
Riemannian metric g. 
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Let a : [a, h\ — > M be a smooth curve on M. Associated with the Chern connec- 
tion there is a canonical diffeomorphism 

V^, :T,M\{0} ^ T,(,)M\{0} (2.11) 
{x,y)^{a{s),ys), (2.12) 

with Us the unique (for a smah enough time s) solution of the differential equation, 

yf^ +ylT\Ms),y,)d^ = Q (2.13) 

with initial condition (T{a) = x, ya = y. It happens that parallel transport preserves 
the Finsler norm 

F{a{s),ys)=F{x,y). (2.14) 

Given a Finsler manifold of class C^, the curvature endomorphisms of the Chern 
connection are tensors along the projection vr : N — >■ M, with two non-zero 
pieces The /i/i-curvature tensor has components 

^'^''^ ^ ~6xi -'^^ hiT^ Jk + 'T' hk^^ ji. (2.15) 

This curvature is equivalent to the Riemmanian curvature. However, the curvature 
that will be of interest for the problem is the /iw-curvature, which components are 



,u = -F^. (2.16) 



The indicatrix at the point x € M is the compact, strictly convex sub-manifold 

Ix := {y € T,M I F(x, y) = 1} C T,M. (2.17) 

The indicatrix bundle vr : I — > M is the fiber bundle over M, with fiber over 
X G M 7r^^(x) = \x with fiber \x diffeomorphic to the standard sphere S"~^ C R". 
Each indicatrix I^; C Nj; is endowed with a natural Riemannian metric gx, which is 
obtained by isometric embedding of the Riemannian metric (T^M,(jrj;), where the 
Riemannian metric Qx on T^M is defined by the smooth family of scalar products 

ff^(y) : Tj^T^M xT^T^M ^ R, {v,v) ^ gij{x,yyv^, ^; G Ty(T^M). 

with y G T^M. The metric of the isometric embedding e : Ix ^ T^^M and the 
ambient structure (Tx'M., gx) are both denoted by gx- 

To each of the Riemannian manifolds of the family {(Ix,gx), x G M}, there is 
associated a volume form on each indicatrix \x 

n 

dvol{x,y) ■.= y^det{g{x,y))dn{x,y) := ^ydet{g{x, y)) (-l)^"^ y^ dy^ A ■ ■ ■ A dy^-^A 

Ady^+^ A • • • A dy". (2.18) 
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This form is the volume form on I^. of the embedded Riemannian manifold (M.,gx) 
[7\. One can define the volume function on M by 



Statement of the Berwald-Landsberg problem. 

We consider Finsler manifolds of class C^. 

Definition 2.5 A Finsler manifold (M, F) is a Berwald space iff for every point 
X G M, there is a coordinate system such that the connection coefficients of the 
Chern connection live on the base manifold M. 

In the following proposition the second statement follows from the fact that for 
Berwald spaces the Chern connection is an affine, symmetric connection on M, 

Proposition 2.6 For Berwald spaces the following properties hold: 

1. The Chern connection defines an affine connection on M 

2. For each point x € M there is a local coordinate system on M such that the 
connection coefficients of the Chern connection are zero at the point x. 

3. For a Berwald space the curvature components jm o-f^ zero. Conversely, if 
the hv-curvature of the Finsler manifold (M,F) is zero, then it is a Berwald 
space j^. 

We take the following definition of Landsberg space f^. 

Definition 2.7 Let us consider on 7r*TM a local frame such that the basis on each 
fiber 7t^^{u) C 7r*TM is such that one of the elements of the local frame is = 

'F^'y) ^ Finsler manifold (M, F) is a Landsberg space if for the hv-curvature 

P of the Chern connection, the condition P" ijk = holds. 

The covariant derivative of the Cartan tensor along is denoted by A^jj^^g. Let 

us choose a local orthonormal frame of 7r*TM such that en = Then the 

Landsberg tensor and its trace are 



where the matrix g has been used to raise the indices. One has the following 
result [3 do], 

Proposition 2.8 The Finsler structure (M,F) is Landsberg iff Aijj, = 0. 

It is well known that a Berwald space is a Landsberg space. The Berwald- 
Landsberg problem consists on the other possibility: are there regular Landsberg 



vol :M 




trA ■.= Ai '^Ck 



(2.19) 
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spaces but not Berwaldian? This is a long-standing open problem in Finsler geome- 
try [5]. Regularity conditions are essential; there are known examples of Landsberg 
spaces in the category of Randers spaces [H El |3l |30] . 

Clearly from its definition and from proposition \2.6\ for a Landsberg space that is 
not Berwald, the Chern connection is not an affine connection. We will exploit this 
fact later. 

In this paper we provide a negative answer given by theorem ll.ll to the Berwald- 
Landsberg problem. This result is a consequence of an homotopy invariance of the 
Levi-Civita connection coefficients for the averaged metrics combined with a result 
of Z. Shen on the isometry of the indicatrix for Landsberg spaces |9j. 

Averaged Finsler metrics. 

In order to define the averaged metrics we introduce convenient measures on each 
indicatrix N^^ = 7r~^{x) C N. A measure f{x,y) will be a positive, smooth function 
on N. For each x € M, the restriction fxiy) ■= f{x,y) defines a positive function 

on TT~^{x). 

Definition 2.9 The averaged ^h associated with the Finsler structure (M, F) and 
the measure f is 

fh{x) := ^hij{x) dx' O dx^ , (2.20) 

with components 

fhij{x):= — ^— / f{x,y)gij{x,y) y^det{g) d^}{x,y), (2.21) 
where g is the fundamental tensor of F. 

It is possible to see that indeed this definition is independent of the coordinate chart 
used and indeed defines a global object -^/i on M [13j. Averaged objects are indicated 
between angles. For instance {gij) f stand for the coefficients ^hij defined by ()2.2ip 
using the measure /; the averaged metric will is {g)f, etc... If we assume that the 
measure is fixed, we left only the angles (•) to indicate averaged quantities. 

The proof for the following properties are direct from the definition [13] . 
Proposition 2.10 The following properties hold: 

1. Given (M, F) and the positive, smooth function f G J^(N), ^h is a Rieman- 
nian metric on M . 

2. For a Finsler structure (M, F) which is Riemannian one has that fh = (/) g. 
The function (/) is given by 

(/)(^):=^^/ f{x,y)^/d^)dn{x,y), 
vol{Ix) Ji^ 

With such normalization, one has that in the Riemannian case is conformal 
to the initial metric g. 



8 



3. The metric is independent of the local coordinates system where it is ex- 
pressed. 

4. Averaging is a linear operation for arbitrary f. 

5. One can extend the averaging to tensors along tt of arbitrary type {p, q) . 

6. The averaging is not a tensorial operation for an arbitrary measure f. 

7. Given the isometry groups Iso{g) and Iso{h) and if the measure f is invariant 
under Iso{g), then Iso{g) C Iso{h). 

3 The coefficients of the Levi-Civita connection for h 

Let us consider the Finsler manifold (M, F). Let us adopt a local coordinate system 
(x, U) on M and the associated local natural coordinate system on TM. In order 
to avoid cumbersome notation we denote ^ h simply by h. Then given a positive, 
smooth function f(x,y), the metric coefficients for the averaged Riemannian metric 
h are 

% (^) = uj \ I V det{g) dn 

In this section we obtain the Christoffel symbols of the metric h, 

'r\,(x) = l/>'='{|j + ^-|f).^..;M = i.....» (3.1) 

for any Finsler manifold (M, F) in terms of the original fundamental tensor g and 
measure f{x,y). Therefore, we need to calculate derivatives of the form 

A dy''^^ A • • • A dy"^^ 

= /(-.rf^oVdSto) Ei/'M)"-"*' A-A * 



fe-1 



A dy''^^ A ■ ■ ■ A dy''' 



^(^'y)^'^Vd^ E f^■■■^dy 
A dy''^^ A ■■ ■ A dy"^^ . 



vol( 
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The first partial derivatives of tfie volume function of the indicatrix was obtained in 

[9], 

Theorem 3.1 Let (M.,F) be a Finsler manifolds and consider the volume func- 
tion of the unit tangent sphere vol{Ix). Then for any tangent vector b'^-^ € Ta;M 
the following formula holds: 

^''■^^^ = -/ g{trA,b^^)Vdetigix,y))dn{x,y). (3.2) 

^ la: 

In particular 

tr A = =^ vol{Ix) is locally constant. (3-3) 



As a consequence one obtains the following expression, 



_d_ 



1 



Vol{Iz 



1 



dvol{Ix 



W/2(I, 
1 

voPiW 



d 



gitr A, -^) yjdei{g{x,y)) dn{x, y) 



and by the definition of the averaging operator (•) j=i : J^(N) 



1 



d 



dx^ \ vol{lx) 



V0l{lx) 



/"(M) of functions, 
(3.4) 



Next, we compute the partial derivative of the integral. In order to perform this 
calculation, let be the indicatrix at the point which is the point translate along 
the integral curve of the vector field with initial condition z(0) = x. One needs 
to calculate partial derivatives of the type 

d_ 



f{z, yz) gij{z, yz)\/ det{g{z,yz)) dn{z, y^) 



A difficulty in the computation of this derivative is that the manifold where the 
integrations are performed varies with the limit z — )• x in the partial derivative. 
In the case of an arbitrary Finsler manifold (M,F), let us consider the diffeomor- 
phism ^(f^zx '■ — > ^z, x,z G U defined as follows. The locally defined vector field 
^ defines a local flow in a neighborhood of x € M. Therefore, there is a local 

diffeomorphism on TU such that the following diagram commutes. 



'02x(Ix) 



(3.5) 



z. 
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Note that for a general Finsler manifold (M.,F), one has that V^x(Ix) 7^ Izj since 
^4>zx is not always F-preserving the norm defined by F. However, we consider the 
scaling transformation 



Lemma 3.2 For close enough z to x, the scaling pr^ is a diffeomorphism. 

Proof: First, note that dim(^'^(j)zx(i-x)) = dimilx), since ^(f^zx is a diffeomorphism. 
Moreover, since is strictly convex, for z close enough to x, the hypersurface 
^(pzxC^x) is also strictly convex (the contrary is in contradiction with the fact that 
Ix is strictly convex and that is of co-dimension 1 in Tj,.M). Both Ix and ^(j)zx(Jx) 
enclose the origin y = 0. It follows that prz is both injective and surjective. The 
inverse pr~^ is also a diffeomorphism. □ 

The Jacobian matrix of the projection prx is 



d pvz \ i 



\F{y) ^ 



dF\ 



dy Jk VF(y)"'^ F^{y) dy^J' 
When we take the limit z ^ x, the Jacobian of prz takes the limit value 



(3.7) 



lim 

z^x 



/dpTz 
V dy 



lim 

z^x 

/ 1 



F{y) ^ 



OF 



F'^{y) dy^ J 



\F{y) ^ F^y) dy'' J 



(x) 



1. 



Since we will deal with the limit lim. 



dy 



1 when calculating integrals on 



the indicatrix, one can consider directly the commutative diagrams and correspond- 
ing diffeomorphism 



(3.8) 



<fizx 

X ^ z 



with (/> = pro (p as equivalent to the diagram (|3.5p . Then we will apply the invariance 
under diffeomorphism of integrals on compact manifolds [3T] to the diffeomorphism 

''6 instead of the original ^(f)zx- 

Recall that the total lift X as the vector field whose flow in TB is (x,^,s) i— > 
{(j)s{x),(f)*{S,)), ^ € T^B. Let us denote the local flow of X by the diffeomorphism 
(p. Then we can re-write the invariance of the integral as the following lemma, 
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Lemma 3.3 Let ttb '■ B — > B 6e a fibred manifold such that dim['K~^ (x)) = p for 
all X G 'B and uj he a volume form when restricted to each fiber 7r^^(2;), X € TTB 
and its total lift X € B. Then 




Proof: By the formula of the invariance of the integral on manifolds by diffeomor- 
phism transformations [31], one has that 



OJ\x = I <f)*ljj. 



Prom the definition of Lie derivative , 



it follows that 



Cj^ (l)*uj 



d_ 

ds 



(3.10) 



(3.11) 



X 



uj]\ =X 



TV ^ {x) 



X ■ 



7r-l(x) 



(f)*UJ 



lim-f / 0*cj(0f(m)) — a;(x) 
s Vy^_i(^,) 



TT ^ [x) 



□ 



We can apply /emma [331 to the case B = M, B = I (the indicatrix bundle over 



M.),X-- 
d_ 



and 



dx'' 



z=x \ Jj 



with the following consequences: 



f{z,y^)gij{z,y^) det{g{z,y^))dQ.{z,y:,) 



f{z,yz)gij{z,yz) \/det{g{z,y;,))) dn{z,yz) 



d_ 

dzi xji^ 

^ ( /" {fiz, Vz) gij {z, yz) \J det{g{z, y^)) dn{z, y^)) ^ 



(^-^\(t)*zx{f{z,yz)gij{z,yz)\/det{g{z,yz))d9.{x,y)) 
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Therefore, the derivative of the metric components hij is 
dhij 1 , , i d 



'dJ^ ^ vol{I ) Ox^^^^ Ji ^) y)Vdetg{x, y) dQ,{x, y) 

+ ^ 'C^(|/(z,?/^))|^^^5,j(a;,y) y/det{g{z,y,)) dn{x,y)^ 

'^vJ(T) li /(^' 2^)^/7 ( y)Vdet{g{z, y^)) dn{x, y) ) |^^^. 

We introduce the endomorphisms 

1? : T,M ^ T^M, y' ^ y^' := {h-^fgij yK (3.12) 
and define the following coefiicients: 

- hijhf'^ g{trA, Vdet(5) dn{x, y). 

Let us introduce also the following notation, 
{log^fd^)\^{x) := ] ( [ f{x,y)§](c^{log^fd^d^)) ^/d^ 

+ / d\(L^{log^det{g)d^) \ ^ det{g) 

-[ hij h}"^ (Cjt_ {log^/dei{g) d^)) \/det{g)) 

Jl^ V So:' / / Z=X 

There is a contribution to the Christoffel symbols coming from the derivatives of 

f{x,y), 

(3.13) 



Proposition 3.4 Let (M, F) be a Finsler manifold and (M, h) the correspond- 
ing averaged Riemannian manifold performed with a positive, smooth measure f G 
F{N). Then the coefficients of the Levi-Civita connection h are given by the formula 

'^^^,•(a;,/)= {Vvol%))\j{x) + (^SV + (logy/d^)'' ijix) + f'' ijix) 

(3.14) 

for all i,j, k,l = 1, n. 

Proof: The right hand side is obtained by rearranging the derivatives that appear 

in the calculation of 'T^ ij{x, /). □ 

Again, if the measure / fixed, one can omit / on the notation. 
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4 Application to Landsberg spaces 



We will apply proposition 13.41 when (M, F) is a Landsberg space. Let us consider 
gx the metric on Ix inducGci by isoiiiGtric immersion on the Riemannian manifold. 
(T^.M \ {O},^^.). Then one has the following result 

Theorem 4.1 Let (M, F) be a Landsberg space. Then for each pair of points x,z 
M, the Riemannian manifolds {i-x^dx), (Izj^z) o'^e isometric. 

Remark 4.2 For a Landsberg space each pair of punctured Riemannian tangent 
spaces (T^M \ {0}, and (T^M \ {0}, g^) are isometric tSidOj, although the isom- 
etry is not necessarily linear. If such isometry is linear for each pair of points 
X, z G M and the Finsler function F is regular on N, the space (M, F) is Berwald. 

As a consequence of theorem \'i. W and theorem \A.l\ 

Corollary 4.3 For a Landsberg space (M, F) the function volilx) is locally constant 
on M. 

Proof. It is based on the fact that for Landsberg spaces tr[A) = 0. □ 

Given a curve a : [a, h] — > M it will be useful to consider a particular class of 
local frames along cr. For Landsberg spaces, let us consider the parallel transport 

V^, :T,M\{0} T<,(,)M\{0} 

which are the local isometries that theorem 14.11 assures to exist [5j. It defines the 
curves on N given by a{s) = {a{s),ys), where G To.(5)M \ {0} is the solution 
of the parallel transport equation for the non- linear equation ()2.13p . Then by an 
analogous reasoning as in [5] (but instead than using the Berwald connection as Bao 
uses, using the Chern connection), one obtains the following 

Lemma 4.4 Let ei, Cj € FTN be parallel sections using the parallel transport i2.12\) 
on N, 

V~e, = 0, V^e, =0. (4.1) 

Then for Landsberg spaces, 

^ {M9a){ei,ej)) = -2Ai^k el ef = 0- (4.2) 



Let us consider a basis {ei(x, y), e„(x, y)} for T^M \ {0}. For any curve a there 
is a frame along the horizontal lift a such that it is parallel by the Chern connection. 
For this, note that given a tangent vector C € TgTa;M\ {0} there is a unique lift to 
the corresponding fiber of 7r*TM (this is using the homomorphism ()2.5p ) such that 

IS! 

d d 

dy^ dx^ 
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Then we can consider the parahel frame along a, 

{ei{a{s),ys),...,en{(7{s),ys)} = {ipzx{s)iei{x,y)), ...,ipzx{s)ien{x,y))}, (4.3) 

In such parahel frame one has that for Landsberg spaces, the components of the 
fundamental tensor are constant, 

gij{a{s),ys) = g{ei{a{s),ys),ej{a{s),ys)), i,j = l,...,n. (4.4) 

This is a direct consequence of formula ()4.2p in the case of Landsberg spaces and 
that we are using frames that are parallel. 

Lemma 4.5 Let (M, F) be a Landsberg space. Given the curve a : [a,b] — > M 
there exits a parallel frame along a such that 

1. The following condition holds: 

(log^/detg)'' ij = 0, i, j, k = 1, ...,n. (4.5) 

2. The following condition holds: 

Cjidn{x,y) = 0, (4.6) 
where X is the total lift of X £ FTM to TTN. 

Proof. Since the components of the fundamental tensor are constant in a parallel 
frame along a : [a, b] — > N, one has that 

det(s'(x)) = det{gx) = det{gz) = det{g{z)) 

for all z E TT{a){[a,b]). Then this is true in any other frame. This proves the first 
assertion, since this is true for any curve. 

To prove the second statement, recall that dvol{x,y) = ydet(^df](x, y). There- 
fore, 

(\/det(5) dn{x,y)) = Cj^ {^/det{g)) dn{x,y) + y^det{g) dn{x,y) 
= \/det(g) Cj^dn{x,y). 
We use corollary 14.31 and /emma [331 to show that for any X € TTM, one has that 

0=X-(^ Vdet(5)df](z,y,)) = ^ /:^(ydit(^(iO(z,y,)) 

= / Vdet{g) C^dn{z,yz). 

This is for every smooth X E FTM. The fundamental lemma of variational calculus 
[23j shows that 

£^ d^{z,yz) = 

in the above frame and therefore in any frame. □ 
A direct consequence of lemma W^ is 
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Proposition 4.6 Let (M, F) be a Finsler structure and let us consider a local coor- 
dinate system (x,U) on M such that the function vol{Ix) and the density det g{x,y) 
are constant on U. Then the coefficients of the Levi-Civita connection with measure 
f are 

hv\j{xJ)=^J^^j^ f{x,y)y^d^^''n',,{x,y)dn{x,y) +f',,ix). (4.7) 

Proof. One applies /emma [33] to the formula ()3.14p . □ 

Remark 4.7 From the two terms simplified from ()3.14p to ()4.7p . the term {Vvol{lx)^ 
can be avoided by a convenient choice of the normalization. However, the vanishing 
of the second term (log^J det[g))'' ij{x) requires additional conditions on the Finsler 
structure (M, F). Being Landsberg is one enough condition. 

Given a Finsler manifold with a fundamental tensor g, there is associated a family 
of Finsler manifolds with fundamental tensors, 

gt = {l-t)w{x,y,t)g + tx{x,y,t)h, te[0,l], (4.8) 

for each pair of homogeneous, positive functions in y zu{x, y) and xi^-, y)0- Each gt 
induces a Riemannian manifolds (i-xt^gxt) on each T^^M \ {0} associated with the 
Finsler function 

Ft{x,y) := ^tgij{x,y,t)yiyi, (4.9) 

where ^gij{x,y,t) are the coefficients of the metric gxt '■= gt{x, •) and 

Ixt := {y G T^M, s.t. Ft{x,y) = 1}. 

Each of the indicatrix Ixt is compact. The components of the averaged metric for 
the interpolating Finsler functions Ft are 

fhij{x)={^gij)f{x):= — — / ^gij {x, y) f{x, y, t) <M.{gxt) dn{x, y), . 

vol[ixt) Ji^t 

(4.10) 

for t G [0,1]. 

Remark 4.8 We will consider measures f{x,y) that are homogeneous of degree 
zero in y. Therefore, f{x,y,t) = f{x,y). This is because any pair of indicatrix Ixti 
and Ixt2 with ti, t2 £ [0, 1] are related by a homothetic transformation. 

Proposition 4.9 There is a convenient choice of the pair of homogeneous, posi- 
tive smooth functions {Tu{x,y,t),x{x,y,t)) such that (M.,Ft) has the same averaged 
Riemannian metric h for all t € [0, 1]. 

■^Note that h must be understood as a special kind of Finsler structure, in order to make sense 
of the above linear combination. 
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Proof. In a particular coordinate system, the fundamental tensor gt has components 

^9ij{x,y) = (1 -t)w{x,y,t)gij +tx{x,y,t)hij. 
Averaging the functions ^gij one obtains 

C9ij){x) = ^^^^^ ^9ijf{x,y) f{x,y) ^Jdet{^gij{x,y))dn{y) 

= j\ N / {i^-t)tu{x,y,t)gij{x,y) 

+ ix{x,y,t)hij) f{x,y) det {g^tix, y)) dQ.{x, y). 
The function y, t) is such that 

— TFT^ I txix,y,t)hij f{x,y)y^det(g^dn{x,y) = thij. 

This is accomplish if 



Then a homothetic transformation from I^t to by the factor x{x,y,t) implies the 
following relation, 

t x{x, y, t)hij f{x, y) x/ dei{ga:t) dVL{x, y) 

thij f{x,y) ^/det(gx)dn{x,y) 



_ 1 

To determine the function w{x, y, t) one uses the invariance of integrals 

— TTT^ / f{x, y) (1 - t)w{x, y, t)gij y/det(g^ di^{x, y) 
vol[Lxt) Ji^t 

= WTTI / (1 - t)x{x, y. t)g^,{x, y) fix, y) ^dei{gM) ( "^^^^^^ , 

where the diffcomorphism invoked in the last equality is the radial projection be- 
tween Ixt to Ix ■ Note that we have used that the integrand is homogeneous of degree 
zero on y. One defines the function 



X, 



For this choice of w{x, y, t) the above integral reduces to 

— — / {l-t)w{x,y,t)gij{x,y)f{x,y)y^det{^dn{x,y) 
vol{Ixt) Ji^ 

= ,!t s / (1 - t)gij{x, y) f{x, y) \/det{g) dn{x, y) 
voiyLx) Ji^ 

= {l-t)hij. 

a 
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Lemma 4.10 Let jk{x,t) be the f-term i3.13\} of the Levi-Civita connection as- 
sociated to the manifolds (M.,Ft) and measure f by ^°:1.14\ )- Then does not 
depend on t G [0, 1] for the intermediate fundamental tensors gt defined by j^.c^p , 
[tW and (tW - 

Proof. Firstly, note that c/?'^ / ^g^^ = h^^ does not depend on the parameter t £ [0, 1]. 
We have that 

ek +^ 1 f f tMk (tjs\f'^f t„ I ^/ t,, 9f J 



\/det{gxt{y)) dn{x, y) 

With ^gij given by ()4.8p and with the pair of functions y, t), ti7(x, y, t)) by 

()4.1ip - ()4.12p . the result follows from the linearity, the way the integrals transform 
when passing from \xt to and from the specific form of the functions {x^'oj). □ 

Proposition 4.11 Let {ixt,gxt) the indicatrix corresponding to (Js/i,gxt) at x. 
Let (M, F) be a Landsberg space. Then for each fixed t, each pair of Riemannian 
metrics and {lzt,9zt) are isometric for any x,z £ M. 

Proof. Any isometry of the fiber metric gx is an isometry of the fiber averaged 
metric h^- Such isometrics leave invariant the functions {x,tu). Therefore, any 
isometry of g is an isometry of the corresponding Riemannian metric gxt- Then for 
Landsberg spaces one can apply theorem 14.11 □ 

Corollary 4.12 Let {ixt,gxt) be as above. Then for fixed t, the metric functions 
vol{Ixt) and det{gxt) are constant on an open set U C M. 

Proof. This is direct from proposition I4.11[ □ 

Proposition 4.13 Let (WL,F) be a Landsberg space. Then for the intermediate 
spaces (M-jFt), the coefficients of the Levi-Civita connection of are 



r^j(x,t,/)= / ij{x, y, t) f{x, y) ^det{gxt) dUtix, y) +f^ij{x) 

(4.13) 

for all t € [0,1]. In particular, there is natural local coordinate system on N such 
that 

i,(x, y, t) fix, y)y^detigxt) dVLt{x, y) + f\j{x) =0, Vt G [0,1]. 

(4.14) 



V0l{lx) 



Proof. Since the volume functions voKlxt) ^'^^ the determinant of the induced 
metrics det{gxt) are locally constant on M, equation (j4.7p implies (|4.13p . Therefore, 

'^r(x)^, = '^r^,(x,o,/)= '^r^,(x,i,/) = '^r" ,,{x,tj), te [o,i]. 
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Since is an affine, torsion free connection on M, given a point x € M there 
is a local coordinate system on M such that at the point x the coefficients of the 
connection are zero and therefore ()4.14p follows. □ 

The following proposition is direct from the above considerations, 

Proposition 4.14 Let (M, F) he a Landsberg space. For any f € -^(N) homoge- 
neous and positive one has that 

1. The following relation holds, 

^ = 

V0l{lx) 



for all i,j,k = 1, ...,n, and for each t ^ [0,1]- 
2. For a Berwald space the following relation holds, 

'^r^,(x,0,/) = ^r^,(x,t,/)= 7^i(x,0,/) +/^,(x), Vi,i,A: = l,...,n 

(4.15) 

for each t € [0, 1] and for the homogenous of degree zero, positive smooth 
function f € J-'(N). Conversely, if f{x,y) = 1 and ( (-^.i5[ ) holds, then the 
Landsberg space (M, F) is Berwald. 

Remark 4.15 Note that the first statement of proposition 14.141 can be applied to 
any Finsler manifold such that vol(lx) and det{gx) are locally constants on M, once 
the natural coordinate system is fixed. 

Direct from proposition 14.141 one has that 

Lemma 4.16 The following holds: 

1. For any arbitrary Landsberg space and for any arbitrary, positive, smooth func- 
tion f, the Levi-Civita of the Riemannian metric f^ is 



^J{x,0,f) = f{x,y)y^d^^'n',j{x,yj)dn{x,y) + f\,{x) 



for all i,j,k = 1, n. 

2. For (M, F) Landsberg but not Berwald, for the positive, smooth function f{x, y) 
1, there is a yQ & such that 

^J^^j^ Vd^^''n'i,{x,y)dn{x,y) ^ j\,{x,yo,0,f), (4.16) 

for some of the indices i,j,k = 1, ...,n. 
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Remark 4.17 The second half of lemma 14.161 means that fixed a point x € M, 
in the equality ()4.15p holds for all the indices, the space is Berwald. This is a 
characterization of non-Berwaldian regular Landsberg spaces. 

Proof. Point 1 is direct from proposition 14.141 The second part is proved by 
contradiction: if it is not true, for all y (zlx one has that the equality holds. Then 
the space is Berwald, since tj does not depend on y. □ 

5 Proof of the theorem 11.11 

For any Landsberg space (M, F) and fixed indices i,j,k associated with a local co- 
ordinate system (x, U), we can manipulate some integrals as we do below. Firstly, it 
is clear from the homogeneity properties that for any ^ G I^;, one has the following 
relations: 

1. For ah A > one has that 7^^ ij{x,i) = ijix, A^). 

2. For ah A > 0, 

fix, 0Vdet(5)(a:,e)^' i{x,Ol' ij{x, =/(x, A ^ V^^^id) (x, X^^" i (x, A v{x,XO- 



Indeed, they hold for any Finsler structure. Let us also consider the compact man- 
ifolds 

A) := {y G T,M, Fx{x, y) = A, A > } . 

That is, we are considering the spheres of radius A for each of the structures 
(M, Fx), A, € (0, 1]. Given any A > 0, for Landsberg spaces it holds the following 
relation, 

'^r^,(x,0,/)= ^J^^l^ fix, y)Vdet{g){x, y) ^'^ a' ij{x, y) dn{x, y) + f\,{x) 
1 



V0l{l{x)) 



/(x, y) Vdet(5)(x,y) ; 7' ij {x,y) dQ{x,y) + f'' ij [x 



Note that is in the first equality where the fact to be (M, F) be Landsberg is used; 
the second equality is by homogeneity properties of the integrand. 

Let us consider the measure f{x,y) = 1. This simplifies the above expressions, 
since then P jk = 0. By /emma [4.161 if (M, F) is a Landsberg space which is not 
Berwald space, there is a yo ^ la; such that for all k = 1, n 

1 

vol{Ix) 
1 



7^j(x,yo,0,/) / ^/det{g){x, y) i{x, y)-/^ ij{x, y) dn{x, y) 



vol{l{x) J^^ x) 



\/dei{g){x,y) "9^ i{x, y)'y^ ij{x, y) dQ.{x, y) 
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We will obtain a contradiction with this condition. 

Each of the manifolds l{x, A) is compact. Therefore the smooth functions 7^ ij {x, y) 
reaches its maximum value at some point yo in '^{x, A). Therefore 

1 



vol{l{x) Ji^^^x) 



^/det{g){x,y{i,j,k)) ij{x, y) dVt{x, y) 



< -f'' ij{x,yo{i,j,k)). 

Since i}^ ^7' ij{x, y) are smooth and 1(2;, A) is compact, then given an arbitrary e > 
there are a A > and a A > such that for all A^ € A) with 

II - m{hj,k)\\g^ < diam{I{x,X)) = cvr A = A 
one has that by homogeneity of degree zero of the integrand, 



where 



(5.1) 

is the norm defined on the manifold vector space T^M. induced by 



gx and dia'm(I{x , X)) = cvrA is the diameter of the compact manifold I(x,A). Let 
yo{i,j,k) be such that XyQ{i,j,k) = yQ{i,j,k) for a given A > 0. Assuming a local 
coordinate system where the differences are positive, by homogeneity properties of 
the functions one can write the condition (|5.ip as 

By ()5.ip one obtains the relation 
1 



vol{Ix) 



Vdet{g) ^'^ ij{x, y) dQ.{x, y) - 7^" ij{x, yo{i,j, k)) 



< 



1 



V0l{lx) 



Vdet{g) h9^7'ij(x,y) - ij{x,yo{i, j, k))) dn{x,y) 



< 



< 



< 



■^jj^j^ \/det((7) |7^i(x, (j)yoihj,k)) - ij{x,C)\dn{x,y) 



1 



vol{Ix) 
1 



\/det(5) 1^ ij{x,yo{i,i,k)) - -d^a^jix,^) dn{x,y) 



y^det{g)edQ{x,y) 



e. 



vol{Ix) 

Since this relation holds for every e > 0, it follows that 
1 



vol(lx) 



V det(ff) ^'^ ij{x, y) dn{x, y) - ij{x,yo{i,j,k)) 
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Therefore, 

'''T'^ijix)- j'ij{x,yo{i,j,k))\=0. (5.2) 

Note that the above manipulation of the integrals hold for any Finsler manifold 
(M, F), since they only make use of smoothness conditions and homogeneity. How- 
ever, iff (M, F) is Landsberg, (|5.2p holds for y yo independent of the particular 
values of the indices k). In order to show this, let us note that: 

1. We have associated the radius of I(a;, A) with the homotopy parameter X = t 

2. For a Landsberg space, the coefficients jk{x), i,j,k = l,...,n are invariant 
under the homotopy (|4.8p with t = X £ (0, 1]. 

Therefore, although ()5.2p shows yo{i,j,k) depending on {i,j,k), one can take a 
smaller A_ and shows that the situation for any triplet of indices k) (|5.2p holds 
for any y G I(x,A_). Therefore, 

^r^,-(x) - 7^j(a;,ymax)| =0, (5.3) 

where ymax) is the maximal value of the function 7^ ij{x, y) in \x- The same 

argument can be done for the minimal value of ■'y^ ij{x,y). Therefore, we get the 
contradiction with the second statement of the characterization of Landsberg spaces 
which are not Berwald spaces (femma r4.16p . Therefore, (M,F) must be Berwald.D 



Remark 5.1 The fact that yo in (|5.2p does not depend on the particular indices 
i,j,k is a global property of the indicatrix I^. Also note that we never perform 
calculation at A = 0, the situation at A = is known by continuity. 

The following are direct consequences of the theorem 



Corollary 5.2 Let (M,F) be a Landsberg space. Then all the Finsler manifolds 
{(M,Ft), t G [0,1]} are Berwald. 

Combined with a rigidity condition on Berwald surfaces |27j . 

Corollary 5.3 Let (M,F) be a Landsberg space. If it is not a Berwald space, then 
F cannot be in the whole N. 



The identification of the Landsberg category with the Berwald category implies that 
the Chern-Gauss-Bonnet theorem and formulas for Landsberg spaces O El [71 [11] are 
the same than for Berwald spaces. 

This fact suggests the interesting question of which is the category of Finsler spaces 
where the Chern-Gauss-Bonnet theorem holds (apart from the general results from 
Shen [251 [26] , since we can be interested on closer formulas to the Riemannian one) . 

Acknowledgements. The author acknowledges to Prof. F. Etayo for many dis- 
cussions on the material presented in this paper. 
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